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TOWARDS THE Qmsmoﬁ CONCERNING THE EXPANSION BY A SMATI, PARAMETER
. OF TUE SOLUTION OF THE SYSTEM OF EQUATIONS OF AYDRO-THERMODYNAMICS
' - APPLICABLE TO ATMOSPHERIC PROCESSES

[Tals is & transletion of an article by G.I. Marchuk end N.M. Kireeva,
in Trudy, Inst. Fiz. Atmos., 1958 (work dome im 1953); CSO: L603-N]

As the solutlons of the non-linear system of hydrodynamic equatidns
applicable'to aémospberig pra;esség presents ex;éptional difficulties
of a mathematic character, usually they are limited to the search for
time derivatives of pressure, temperaturé and the vertical velocity of
air particles, |

As is well known in the quasigeostrophic approximation the mentionc
functions enter into the system of differential equations linearly and
could be calculated for highly general assumptions relative to the
structure of thermobaric fields by methods, at present, gégatly ex-
ploited {1]. Howevgr the possibilities of using the ‘quasi-geostrophic
approximation are restricted and frequently quite insufficient for
describing the evolution of the fields oflmeteorolcgical elements,

In the present work, the authors set as an aim the consistent
carrying out of I. A. Kibel's idea concerning thé possibility of the
expansion of the solution of the general problem of hydro-thermodynamics
applicable to atmospheric processes through degrees of a small para-
meter, taking into actount three dimensions and the vertical baro-

- clinicity of the atmosphere.
The paragraphs of articles 1 - 3 were written by G. I. Marchuk,

paragraph 4 by N, M. Kireeva; she also carried out the calculations of




the influence functions ¥ls and ¥, .
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f,

$ 1 Formulation of the Problem
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if ¢he A awis of a Cartesian coordinats system ils dizectec
Hitancle Ths iwFTepE & Lan s Toir,erm yhe ARAETS Fhe ‘ F dxre ¥
along the meridians toward the north, &“;: ij? is vertically up-~
ward, where f‘ is the pressure at any height, while JZ is the

pressure at earth's surface, then the system of hydro-thermodynamic o

aticns applicable to atmospheric processes takes the following form:
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whare 144 and "4 are the components of the vector velocity

of air particles, along the X and. ;ﬁ axes
£,

T is the vertical velocity relative to isobariec surfaces

J = constant
o

is the height of iscbaric surfaces above sea level

p

/ is temperature

” . :

4 is the force of gravity
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2w sin;f

iz the angular velocity of the earth'’s rotation
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/N is the gas constant

}f is the vertical gradient of temperature

ff / . .) /] . —(-2-
E W /
Tat us teke into consideration non-dimensional quantities; which

wvhere / is the mean temperature of the atmosphere. Then the hy-

drodynamic equations take the form
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where C‘Jg }éh is & non~dimens’onal parameter, while
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for wmean latitudes, the coefiicient i, is rougnly equal to 0.5,
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following characteristic values for variations of meteorological element:




geaizs of the *g:%zeﬁmzm jead to ressonsble order of magnitude values of

. j /7,
which eorresponds to a vertical velocity of LoC
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Prow this estimate it follows, that the considered characteristic

the meteorological elemenca; for this = 5 = zf,;’“ == JO 5 see, s
while the non-dimensionsl psrameter £ = ('//-’f ;L= SO .

From the Fivst two eguations of (1.2}, by cross differeatistion we
cbtain the equation, which sonnacts the i:;éividuél darivative of varti;

eity with the velosity divergeace:
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Eare avd everywhere in the futurs, fé:: the sake &f simplicity we
ghatl drep the index 1 for the non-dimensiomal quantities. '

In e snelogous way, diffémﬁti&ting the first equation of gystem
(1.2} with respect to %, end the gacond with respect to 67(1 and
then edding theaw, we cbtain & new eguatiom:
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whare / ,) a«."dt/) 4{* .:?
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Yeing the thivd equation of the systam (1.2}, one can vewrite (L,13)

and (1.4 in the following formy
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Putting {1.6) inte (1.5} and na glacting terma, the order of smalle

wese which ave higher than 5 s Wu obtain
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whass '§ é{k } ts a sywhol, which indicstes the order of magnitude of
the nsglected tarus.
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The solution of this equation would permit the recovery of the
field of vector velocity through the field of the function ;; 5
however the exact integration of equation (1.97) is not presented in
the present article as a subject of investigation. for our aims, it is

sufficient to state, that from (1.9) with an accuracy to small quanti-

ties of first order it follows, that
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Therefore, relation (1.8) with an accuracy to small quantities of second

order can be rewritten in the form

- — 27 ezt 4 O(E?)
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Having (1.8') in this form, (1.7) can be brought to the following form:
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whicn, considering the brdrosearic eoustion with sn sccuracy to gmall
7 & v

velues of sscond orderx, could be presented in the foliowing fowm:
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Thus, for the determination of the functions ;f){m and L

wa obtain a systen of twh partial differentisl equations:
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Finally, eliminating the funet ion &  from equations (1.13) and

(i.14), we obtain a second order differential equation for the calcula-

y 1
tion of the function ;i%é
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T. L, Kibel's "first approximation” will follow from (1.16) for th.

o »
assumption, that the quantity {71; . is the order éf ; L.e. for con-

> ] - )
ditions, when {}{4 ~ g .

It is immediately clear, that the principal and small first ordér
tefms in equation (1.16) have been deiineate& in an obvicus form. For
the integration of equation (1.16) it is still necessary to give the
boundary conalrxona} which we shall take in the following form:

e — = g _;’22 / =/
(=0 a/{}"f,,(ffﬂb&f .

(1.17)




Using the equation of heat flux, it is possible to show, that due
to econdition {1.17) and a quite natural assumption concerning the charac-
ter of the thermebario ‘fields in the lower troposphere, we obtain the

. 4
following boundary condition for *)/’f{ EEESAT
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In sgreement with this, the solution of equation (1.16) is presented

in the following form
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(;f Z) i3 an elsment of wolume in the Cartesian system of coordinates
(- D
Ko 4
Thus, the seluticn of the problem is chtained by means of formula
(1.20) with an accuracy to quantities of second ovder of smallness.
it is immediately cleax, that all the unknown gquantities, which
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are contained in /4? © gnd L7 , could be expressed through

. \;I - . .
('aiéfi)o.and {C , obtained from the solutiom in the first approxi-

matione. P
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Loyever, due to the fact, that the functions E???, 5
7, -y . 0%
ﬂ/ R y’ for the use of (;?j are found from
[ o

differences, to a considerable degree, of mutually exclusive quantities
b & 3 y >
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it is expedient to compute the quantitieas with the help of more stable

formulas in regard to the cowputation.

~

M. I. Iudin, using the quasi-geostrophic approximation of the
o o
. [ - s o e o " - X J’{ 7 n ’//
vector veloeclty of air particles for the caleulatlon of cand
formulated a second order equation, which he integrated approximately with
the help of the Tigo A >/ j'?/Dc,z M b1 X wethod.

In the following paragraph, we shall obtain the general expression

s .
b

¢t/ o R . . - .
for £ and |7 in the form of space integrals of the functions
of the fields of meteorological elements with the corrvesponding influence

functionsz,

) ) 7
IT. Calculstioh of the functions £4 and 1
Let us look for the functions (77 and [77 in the follow-
/
ingform:
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where ;& s 7 , VT are unknown functions of the fields of

meteorological elements,

—~

(;v is the influence function, the form of which also mwust
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be determinad.
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Then, let us diffeventiate the first relation in {2.,1y with respect

e , and the second with respect o o , then we obtad
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wa assume, that (7 > () where., 47— then let

us integrate by parts and we obtain:
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Adding the‘“wm‘obcain&d two equatiocns (2. 4;, we have:
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But, on the otwer hand

i N ot / o
(2.6) 7L A ﬁl{ . 2L

X I 2

] ] -




@7 ; “”” //{,’”/ ‘” ‘)Gz;/f)
‘4

(&
Yy
For the caleularion of s 4] , let us take advantage of the ex;reﬁsion

for T , which in nen-dimensional quantities will have the following

&
PR akly s

- {2.8)

o f’:"‘ /////Q\{/?ﬁ]«ﬂl ﬁ?)%f»j,&f)jfm !f4 /)dzif

(8}

£ v
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tet us diffeventiate (2.8) with respect to \F
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Hext, putting (2.11} into (2.7, wa obtain
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From ’ZQ‘EZ} ic ft;imm*; thet the equation is satfef md if we put
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Por this purpose, ief us diffaventlzte the second equation of (2.14) with

er,éf s
ot £o A and the first with veapset to ﬂ‘i . Then after inte-

graction by paris we
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subtracting (10 YA HHO one of the equazions Irim b oIneT,

(2.16) /7/ [d' Tj/'
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Hars at the same time w2 assuxed ¢

(2.17) A}ﬁ*— i‘f = L (}xz};; jy{)
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Relation (2.17) will be uged in the aagtre of an equation for the

caleutlation of the funation §;> .

Equation (2.18) determines the form of the arbitrary function }5 :
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ﬁﬁﬁmﬁ(ﬁ%/ ;.?./?f/;gx).

Taking inte account, that

)=t (T 5)—AF M dD=C

o £0 2B
2 (7 g0 5 (T30 LT Gocyy =y /

7
we oObtain
"~ “~
& f;:/l (/_s}"i)
T ey 2 ;;JP P
£
o the une&sential harmonic function

.38\(

(2.18) f s

or with an accuracy t

oy




© Graphe of

ot

' . . ¢ 7 o
Therefore the final form of the functiona ﬂ aad V will
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the inflvence funntion ,/yj:; ave given in figures 1 - 1y
) o > PN R
The charsetsristics of the influence function /g  fov i i

coincide with the characteristics of the functin s My [1l.
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iil. Caleularion of the funstion 477

Now L& remaima te find the formulas, which are convenient for the
&

oY
caloulation of the funcrion CLH . For this purpose, we shall proceed
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therefore
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Consequently, taking into account the statement
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In view of rhe fact, that in formulas {1.3) and (1,5) it follows

that ws ccnsider only the principal parts of the expression
Jil g
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Therefore, the expression for /A} and A’) will now have

the formn
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In conclusion, let ws perform some transforma L*oﬂb of the solution,
ohtained in LIJ, for the purpose of byinging them to a mwore convanient
fera for practicsl use, Ler us proceed from the formula for the vertical
velooities L*AF which L5 son-dimenslional quant -itles hasthe form
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Due to the fact, that
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Using the symbols of the work il} expression (3. 6% could be written
in the following fowrm
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Graphs of the infiuence function ,/TF /2 are glven in figures 57,
Thus
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V. An example of the calculation of {4 ana 7

The case of 12 May 1951 was considered in the nature of an example
.’ /". N :
of the caleculation of /& and  J . The synoptic situation of this

by the presence of an extens ive eyelone,

in the region between Kiev and Smolensk, the cyclonic axis of which was
divected almost vertically upward (figures 8-9).

. ‘ -~ p 4

Formulas (2.19) were used for the calculation of s

dus to the sufficiently swooth change, through the horizontal, of the-

jntegrand function, which depends on the specific distribution of the

fields of metesrelogical alement
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zontel was not carried out, but the following approximate relation was
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and .f; is the entire pléne!k‘%g)

For the integration of the equation
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reiative to the function jzé on all levels of the atmosphere an
approximate method of solution is also used, which is often discussed

in the literature. Tt consists in the fact, that all scales of the

suecrra of metesrological perturbations can be replaced by some sifec
tive sinusoidal perturbation of a single frequency for a wave length,
more characteristic of the short-range meteorologlcal phenomena (4000 k-

In this special case the equations turn out to be quite simple:
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fal el st ¢ the £ ) {,. 2 9 2 /) :é%f -
alculation of th lons o - %

. f g? ation of the functiion é#xl fﬁﬁg . /*{ﬁ s ‘géf;gzk

AN ‘ . o

> ) ’ stc. was carried out by the finite

,}1( ,jd'

difference method, while for the horizontal scale urd, ths segment ol

100 km was taken; the whole interval of change of the functions

3 &

through the vertical were divided into four parts by the surfaces: 100

850, 700, 504G, 300 mb,

The components of the deviations of the wind velocity from the
geostrophic wind are present in figures 10-1¢ {the length scale 1 com
4 (e

‘ . { m/ o
of the velocity arrow —- e ‘/fff' y, and the designations are int

duced:
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The components 52;, and }ﬁv are related to the factor of
- u . . 4 xd
the non-iinearity of the baric fields, at the moment when éz; and

Va s generally spe aflng are caused by the presence of the diver-

of air particles in the mesn troposphere. In ovder to be con-

vinced of this, it is sufficient, by means of equation (l.Z), to form

Ons

ivx

the expresai s

3 f)/\% PR
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L= -
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The analysis of the example showe, that the components Zky/ and

7/ .
@é; do not changs sign with height, and in regions with & cyclonic

)
rresasure contour they furnish & negative contribution with respect to
the gradient wind, while in regions with an anticyclonic contour - posi-

The functions ﬂ{? and form -a vector, which in the
2

lower layers of the atmosphere is divected, in a cyclonic formation,
BT e cnmiter +han asaes thr ; - ¢t the me level 2N ( :
G the center, Litn passas rough zero at the mean leve J S

gnd in the upper layers of the atmospheres is directed from the center

L%

to the periphery of the cyclone. The opposite plcture is observed for

formations of anticyclonic character.
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